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ABSTRACT: Conformational equilibria in the charged region of spherical ionomeric colloids are studied
using a self-consistent mean-field Monte Carlo method. It is shown that the ionomers do not adopt a single
type of conformation but instead exhibit both rodlike and swollen coillike regions. The extent of these regions
can be controlled by varying the screening length, curvature of the colloid core, and aggregation number.

I. Introduction

Dilute suspensions of highly charged colloidal particles
exhibit many interesting phenomena and have provided
a wealth of experimental data with which to test theory.
For example, in equilibrium, these systems exhibit strong
liquidlike correlations and can form crystalline phases,
even at ultralow packing fractions if the electrostatic
screening is poor,! and can be viewed as extremely
asymmetric electrolyte solutions.

Good fits to experimental scattering data can be obtained
using modern liquid-state theories which treat the sus-
pension as a single component (the colloid) interacting
through an effective potential, specifically, a screened-
Coulomb potential, as suggested by the Debye~Hiickel
calculations of Verwey and Overbeek.2 On the other hand,
accurate, numerically practical theories which include the
counterions explicitly have only been developed recently.?
One advantage of these latter approaches is that the
average counterion distributions around the colloidal
particles can be calculated, and these can be compared
with recent X-ray scattering experiments.*

Recently, block-copolymer micelles have been fabri-
cated.> One of the diblocks is ionomeric while the other
is not, and depending on the choice solvent, micelles (with
the charge on the outside) or reverse micelles can be
formed. While these systems have many features in
common with the simpler charged colloids, several im-
portant differences exist. For example, since the charge
ia distributed in an ionomeric layer, a much higher net
charge per aggregate is possible. The theory developed in
ref 6 can treat interaggregate static correlations and the
underlying counterion charge distributions, provided that
the ionomer charge in the ionomeric layer is approximated
as a spherically symmetric continuum with any assumed
charge distribution.

In reality, however, the ionomeric layer is comprised of
flexible chains and the question of conformational equi-
librium must be examined. This is an old question,
perhaps first arising within the context of charged poly-
electrolytes.” In these systems, while mean-field ap-
proaches are quite possible,® a fully molecular approach
{e.g., via Monte Carlo simulation) is a formidable task
even for simple models of long charged chains.® The
problem is further complicated for colloidal particles, since
the density of ionomers is not necessarily small, and thus
inter- as well as intrachain interactions must be considered.

Neutral chains attached to surfaces have received much
attention over the years. For example, continuum models
of random polymers, with!%-12 and without!3 phenome-
nological excluded-volume interactions, have been used
to calculate the monomer density for neutral chains.
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Examples of other approaches are scaling theories!4 and
the self-consistent mean-field free energy density con-
structed by Ball et al.!5 Finally, Murat and Grest!6 have
performed molecular dynamics simulations on chains
attached to cylindrical or spherical surfaces.

In ref 6, the electrostatic contributions to the system’s
free energy were computed for assumed ionomer average
densities (in particular, for rodlike and dense-coil distri-
butions). This approach can be used to determine the
most stable configuration only under the additional
assumption that the electrostatic contributions are dom-
inant and provided that the configurations explicitly
considered are the correct ones.

In this work, the conformational equilibria in the
jonomeric region of block-copolymer micellar colloids will
be examined using a combination of mean-field approx-
imations and Monte Carlo methods. In the next section,
amean-field theory for a single ionomeric polymer attached
to a spherical surface is constructed. For this work,
electrostatic interactions will be included via an effective
potential calculated within the linearized Debye~Hiickel
approximation and excluded-volume interactions will be
described by a Flory-like excluded-volume energy. Both
of these contributions can be written as simple functionals
of the average monomer density.

Having incorporated all interionomer interactions in a
mean field, all that remains is to treat a single chain near
asurface insomearbitrary external field (which must then
be determined self-consistently). This part of the calcu-
lation is numerically feasible in the continuum limit, and
several aspects of single chains in external fields are
discussed in the appendix. It is easy to show that the
continuum results presented here generalize those of refs
11-13.

Rather than solve the continuum-limit equations, a self-
consistent Monte Carlo method is presented in section
III. In short, the configurations of a single chain in an
external field are sampled using a traditional Monte Carlo
scheme, with the external potential being updated after
some number of Monte Carlo steps. The entire procedure
is repeated until self-consistency is obtained.

Section IV contains results for systems with different
aggregation numbers, screening lengths, and excluded-
volume parameters. Two aspects of the results are worth
mentioning here. First,continuum approximations, while
excellent for neutral chains, are inadequate for poorly
screened charged chains. Second, a simple single mor-
phological description of the ionomeric region (e.g., rod or
coil) is not correct. The ionomers will exhibit both rodlike
and coillike behavior at different distances from the colloid
core, where the extent of each type of behavior depends
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on the coresize, the aggregation number, and thescreening
length.

Finally, section V summarizes the main results and
"contains some concluding remarks.

II. Theory

A rigorous theory of ionomeric colloids must describe
many-body electrostatic and steric interactions between
the colloidal aggregates, conformational equilibria of the
ionomeric polymer chains, and solvent interactions. The
complexity of the problem becomes apparent simply by
enumerating the degrees of freedom; even in a simplified
model, e.g.,one where the solvent is treated as a continuum,
the positions of the centers of mass of the colloidal
aggregates, the positions of the monomers of the flexible
ionomeric polymers, and the positions of the counterions

must be considered. Henceforth, B;, 7 .»and 7; denote the
positions of the ith aggregate, the atfx monomer unit on
the jth ionomeric polymer attached to the ith aggregate
measured relative to %: and the ith counterion, respec-
tively.

The configurational partition function for this system
is given by

Na Ny

Z = dR 7 Hdrk e @.1)

fH J=1 1—[
where N¢, Na, Ny, and N; denote the number of colloidal
aggregates, polymer chains per aggregate, the number of
monomers per chain, and the number of salt ions,
respectively, 8 = 1/kgT, and U is the potential energy.
Equation 2.1 assumes that the system is monodisperse
but can be trivially generalized at the expense of more
complicated notation.

In this work, the average properties of a single chain
will be considered, specifically, chain 1 on aggregate 1. To
this end, the rémaining degrees of freedom may be formally
integrated out and the generating functional for single-
chain properties becomes

z, ) = J‘Hd-m -8W 2.2)

a=1

where W is the potential of mean force for the specified
chain. Similarly, the average of anysingle-chain property,
denoted by A, becomes

N
(4) = @O [T]arh e Al i) @3
a=1

where, henceforth, (...) will denote a weighted average
over single-chain configurations.

In general, the potential of mean force may be viewed
as a functional of the average total monomer density, p(7),
and at present no exact expressions are available for it. In
what follows, a phenomenological model for the single-
chain potential of mean force will be developed.

Several important interactions must be considered when
modeling W. The most obvious ones are those imposed
by the impenetrability of the colloid core and by the
connectivity of the ionomeric chain under consideration.
The former will be described by an infinite spherical step
potential at a core radius Ry, and this introduces an element
of excluded volume into the problem. For the purposes
of enumerating the allowed configurations which con-
tribute to eq 2.2, the chain will be taken as ideal, although
this last assumption can be relaxed.

Inorder to mathematically describe the configurational

statistics of the chain, bond vectors, &, 2 7} - 7%, ,, are
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introduced. For an ideal chain, contribution to the
configurational probability density associated with the
connectivity of the chain is given by

Np
ez Hw(&alla_l) (2.4)
a=1
where w is the conditional bond probability density for
having a specified bond vector given the preceding one.
In the numerical work to be presented below, the chain
will be modeled as freely jointed; hence,

513, - @)

ra’

where a is the bond length and é(x) is the Dirac é-function.

Of course, real chains are not ideal, and, in particular,
intra- and interchain excluded-volume effects should be
considered. While this can be treated fairly rigorously for
short or infinite single chains, here the ionomers around
asingle colloidal aggregate are not necessarily dilute, and,
hence, interchain effects should also be considered on equal
footing. Following Flory,1117 both effects will be treated
by modeling the excluded-volume contribution to the
potential of mean force as

w(@ )4, ) =x(A) = (2.5)

N
BWo =v) o) 2.6)
a=1

where v is a phenomenological excluded-volume parameter
and where p(7) is the average total monomer number
density (cf. eq 2.10). Since the ionomer density around
a given colloidal aggregate is large, the intra- and inter-
ionomer interactions are expected to be equally important;
thus, it is probably not consistent to include the latter
phenomenologically in eq 2.6 while treating the former
exactly (e.g., by putting in the excluded-volume constraints
when enumerating the conformations of a single chain),
and, hence, eq 2.6 will be used to describe both effects. In
addition, note that p(r) also includes the monomer density
associated with the specified chain and, hence, aspects of
the intrachain excluded-volume effects of the specified
chain.

Perhaps the most crucial of the possible interactions
are electrostatic in nature. These include the intra- and
interchain electrostatic interactions and the interactions
with the ions in solution. These contributions to the
potential of mean force, as a functional of the monomer
density, can be calculated in several ways.

For dilute suspensions with sufficient screening between
the colloidal aggregates, intercolloid interactions will be
negligible. Hence, as long as the added salt concentration
is not too high, the electrostatic contribution to the
potential of mean force can be approximated by the mean
electrostatic potentials, ¢, at the monomer positions; i.e.,

Wel = Zz(l) d)(f'(l)) (2.7)

where 2{;, = zn, is the charge per monomer. Henceforth,

they are “assumed to be uniform and fully ionized.
(Depending on the chemical nature of the ionic groups on
the ionomers, this last assumption may not always be
valid.)

Expressing the electrostatic contribution to the potential
of mean force as the mean electrostatic potential is
analogous to the approximation used in the Debye-Hiickel
theory of electrolyte solutions. In this work, the mean
electrostatic potential will be determined from the lin-
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earized Poisson-Boltzmann equation:
4rz

€

=p(7) 2.8

V2% = xp'e -

where ¢ is the solvent dielectric constant, xp = \p! =
[4xBe2l/€)-1/2, \p is the Debye screening length, ¢ is the
charge of the electron, and I is the ionic strength of the
ionsinsolution. Standard dielectric boundary conditions
will be applied at the surface of the colloid.

The Green's function associated with eq 2.8 is easily
computed for spherical colloid cores as an expansion in
spherical harmonics and spherical Bessel functions.!® Once
this is done, noting that the average monomer density is
spherically symmetric, it follows that

_ 27z, "
¢(r) - Kpe€r
@ _ (KDRO - 1) _ 2 ]
~kplr-r] 0 7 xp(r+r'-2Rg)
Jadr [ e BT D Fo(r) 29

Note that the electric field inside the colloid core vanishes
for spherically symmetric monomer distributions, and,
hence, the dielectric constant of the core material does
not appear in eq 2.9. As was argued for the excluded-
volume contribution, the intrachain electrostatic inter-
actions of the specified chain will not be considered
explicitly.

The next step is to self-consistently determine the
monomer density, and in this regard the approach is
analogous to simple mean-field theories used to describe
phase transitions (e.g., the Weiss mean-field theory of
ferromagnetism). Specifically, the average monomer
density must be computed using the distribution contained
ineq 2.2; i.e.,

No
p(r) = Ny(3_8(-F) (2.10)
a=1

In writing eq 2.10 it has been assumed that the places
where the ionomer ends are attached to the colloid are
randomly distributed over the core’s surface.

The statistical mechanics of an ideal chainin an arbitrary
external field cannot be solved in closed form. As is
discussed in the appendix, for a given external potential,
the chain can be viewed as a Markov process, and a
hierarchy of integral equations can be derived for the
conditional probability densities for the monomer posi-
tions. In the continuum limit, these equations can be
approximated by coupled Fokker-Planck equations. In
addition, the continuum equations can be solved analyt-
ically for neutral chains with no excluded volume.

In the current problem, the total monomer density must
be computed and the effective potentials must be deter-
mined self-consistently. While this can be incorporated
into the equations discussed in the appendix, getting any
results will involve considerable numerical effort, even in
the continuum limit. Moreover, as will be shown below,
several interesting features of the model will be lost in the
continuum limit. Instead of pursuing this approach, a
Monte Carlo method will be used; this is now described.

I11. Mean-Field Monte Carlo Method

If the potential of mean force appearing in eq 2.3 were
known, it would then be a relatively simple matter to
numerically evaluate the average by Monte Carlo sam-
pling.1%20 In the original method,? a sequence of con-
figurations is generated, the energy of each configuration
is computed, and the configuration is accepted with
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probability P, where

1, ifAE<0
P=\ens iram>o0 @D
and where AE is the energy difference between the new
and old configurations.

The way in which configurations are chosen to a large
extent is arbitrary, with two important caveats. First, the
choices must be reversible; specifically, the move from
configuration X — X’ must be as likely as X’ — X, whether
or not the moves are actually accepted according toeq 3.1.
The second restriction is that the chosen configurations,
in principle, ultimately sample all configuration space.

Of course, there is still much freedom in choosing the
moves. Ideally, they should be chosen to sample config-
uration space as rapidly as possible, although, in practice,
this usually leads to an unacceptable number of moves
being rejected. Several schemes have been constructed
for chains in which the bond torsional angles take on
continuous values. For example, there is the so-called
pivot method®2! in which a bond is chosen at random, and
the rest of the chain is randomly pivoted about that bond.
Alternatively, there is the displacement method, in which
a single bond is randomly displaced, keeping the bond
length fixed (cf. eq 2.5), while the rest of the chain is simply
translated.

Intuitively, it seems obvious that the pivot method
should lead to a more rapid sampling of configurations.
While this is indeed the case, when there are strong
intrachain repulsions, it leads to an unacceptably large
fraction of the moves being rejected. Of course, this
problem can be reduced by decreasing the size of the
rotation angles, although it turns out that the displacement
method still seems to do better in this limit.

Since both methods require that random bond vectors
(which, in the current model, have fixed length) be
reversibly generated, polar coordinates, or Euler angles in
the pivot method, will be used. These are chosen in the
following manner:

cos(f,,,) = f(cos(f,,9)+1+v,£2) - 1 (3.2a)
and

Prew = f(¢old+7¢£;27r) (3.2b)

where 6 and ¢ are the bond’s polar and azimuthal angles,
respectively, £ € [-1/2,!/5] isa uniformly generated random
number

x+y forx <0
fxiy)= {x-y forx>y 3.3)
x otherwise

and where vy < 1 is used to adjust the size of the step
in 6(¢).

Of course, the usual Monte Cario scheme assumes that
the potentials are known, while here they must be
determined self-consistently. Nonetheless, this is easily
incorporated into the Monte Carlo evaluation of the
averages. Asusual, aninitial chain configuration is chosen
and is used (cf. eq 2.10) to compute an initial monomer
density and effective potential. This potential?? is then
used in carrying out some Monte Carlo moves, after which
the average monomer density and effective potentials are
recalculated and the whole procedure is repeated until
convergence is obtained.

Asexpected from eq 2.9, the mean electrostatic potential
is relatively insensitive to the finer details of the density
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Figure 1. Total monomer density and end monomer probability
density for uncharged chains near a core with Ry = 50 A and @
=5A. 10" Monte Carlosteps were used in obtaining the averages.
The curves at shorter distances have no excluded volume, while
those at longer distances had v = (4/3)xa® and N4 = 1000. The
dashed curves are the results of the continuum calculation for
neutral chains with no excluded volume described in the appendix
(cf.eqs A.19and A.21). Finally, theinsetshows the total monomer
density near the core.

profile, and, hence, it converges much more rapidly than
the fluctuations in the Monte Carlo average decay.

IV. Results

Several examples have been considered using the method
justdescribed. Before examining cases where the ionomer
was charged or had excluded volume, the method was
tested on an uncharged random polymer next to a spherical
core. Monte Carlo results are compared with the known
continuum limit expressions described in the appendix
for the total monomer density and the end monomer
probability distribution in Figure 1.

Asis well-known, the presence of the spherical core tends
to exclude the polymer from the region of the core surface,
although note that the monomer density is nonzero at the
surface (cf. eqs A.11 and A.12). Ingeneral, the agreement
between the continuum results and those of the simulation
is very good, except on the scale of the monomer size. In
particular, the discrete nature of the chain is reflected in
the small jag in the total monomer density that occurs one
bond length from the surface (cf. the inset).

Figure 1 also shows the effect of including excluded
volume. As expected excluded-volume interactions lead
to a swelling of the ionomer layer, the results here being
similar to those obtained by others.!'¢ In addition, as in
the other cases, the discrete nature of the chain is apparent
only within a monomer distance from the core surface.

Some run parameters, run statistics, and the mean radius
of gyration of the total chain and the end monomer are
summarized in Table I. As the data in the table show, the
chains swell with increasing excluded volume, aggregation
number, or screening length. Excluded volume does not
play a major role in the lesser screened systems; the
electrostatic interactions are dominant, and, in any case,
the local monomer density is smaller in the swollen state.
The net charge in the ionomeric region, and hence the
electrostatic repulsion, increases with the aggregation
number. Finally note that the fluctuations in the end
monomer position decrease as the chain swells. As will be
seen more clearly below, this is due to an overall stiffening
of ;he chain, which ultimately becomes an almost rigid
rod.

The results presented in Table I do not tell the whole
story. The total monomer density and the probability
density for the end monomer unit are shown in Figures
2 and 3forsome of the cases listed in Table I. Asexpected,
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increasing the aggregation number, Nj, the screening
length, or the excluded-volume parameter causes the
ionomer to swell. While the swelling of the ionomer is
already apparent from the data shown in Table I, notice
the appearance of strongly localized monomers at the fully
stretched monomer positions. The origin of these is easily
understood in terms of the large repulsive electrostatic
interactions and finite bond lengths. Clearly, these
features would be absent in a continuum description but
are seen in the molecular dynamics simulations of neutral
chains by Murat and Grest.1¢

The monomer density near the core surface is shown in
Figure 4. The stretched state of the chain in clearly
apparent. In addition, note that the finite, rigid bond
length leads to the asymmetric shape of the individual
monomer peaks. A subtle effect associated with the

- excluded-volume interaction can be seen in Figure 4, where

increasing the excluded-volume parameter, keeping ev-
erything else fixed, actually leads to a decrease in the order
near the core surface.

This effect can be understood in terms of the simple
Flory form for the excluded-volume interaction, where
higher local density leads to increased repulsion. In a
continuum model, this repulsion leads to further swelling
of the chain; here, however, the finite-length, rigid bond
does not allow this swelling to happen, and some of the
monomers are pushed to shorter distances from the core.
This smears out the local monomer density and reduces
the excluded-volume interaction at the expense of in-
creased electrostatic repulsion. This represents a kind of
frustration which can be overcome by further reducing
the screening. In addition, note that at larger distances,
i.e., those where the chain is not fully stretched, the
excluded-volume interaction leads to increased swelling,
as might be expected naively.

The magnitude of this frustration effect is probably
increased by the form of the excluded-volume interaction.
In particular, the excluded-volume energy is local in the
density. While this is reasonable on longer length scales,
it surely must break down as the molecular scale is
approached. Nonetheless, the effect should still be
present, assuming that the ends of the monomers tend to
avoid each other. A more correct expression would be
nonlocal in the average monomer density, and this will be
investigated in the future.

Finally, some mean potentials, i.e., both the electrostatic
and excluded-volume contributions, are shown in Figure
5.

A close examination of the data in Figures 2-4 shows
that the ionomeric region divides into roughly three
subregions: (1) a fully stretched region near the core; (2)
a flexible-rod-like region, where the fluctuations in mono-
mer positions are comparable to the monomer size; and
(3) an almost random polymer region where the fluctu-
ations in the monomer positions are large. In the third
region, the chain should resemble a random polymer,
swollen by electrostatic repulsions, near the excluded-
volume regions 1 and 2. This accounts for the “bump” in
the total densities (cf. Figures 2 and 3).

The existence of a flexible-rod region can further be
shown by examining the fluctuations in the individual
monomer positions. This is done in Figure 6. Notice the
rapid increase in the magnitude of the fluctuations at the
bump positions. In addition, note that the fluctuations
include the effects of rigid rotations of the rod around the
point of attachement on the colloid core. It is easy to see
that even small fluctuations in the orientation of a rod
will be amplified by a factor of roughly (r; — Ry) when
converting to position fluctuations.



2020 Ronis Macromolecules, Vol. 26, No. 8, 1993
Table I¢
(Zq )% N, (rn, )2
Na (4/8)xady A (A) = "o % moves rejected mean (A) SDé (A) mean (A) SDé (A)
102 0 1 1.0 9 108 28 132 24
102 0 5 0.75 22 167 52 217 27
102 0 10 0.5 29 230 80 310 35
10? 0 10? 0.5 76 366 156 562 12
102 0 108 0.25 87 386 171 626 4
102 1 1 0.5 14 149 45 191 29
102 1 5 0.75 24 177 56 230 27
102 1 10 0.5 29 232 81 313 35
10° 1 102 0.5 i) 366 156 561 12
102 1 108 0.25 87 386 171 626 4
108 0 1 0.25 7 146 43 185 29
10° 0 5 0.75 35 226 74 297 33
10° 0 10 0.25 35 305 116 426 33
108 0 102 0.25 90 388 172 632 4
108 0 108 0.25 98 391 174 647 1
108 1 1 0.2 16 214 73 285 35
108 1 5 0.75 40 242 84 324 35
10° 1 10 0.25 35 306 117 428 34
10? 1 102 0.25 90 387 172 631 4
10° 1 108 0.01 66 390 174 647 1

aAll cases have R =50 A,a =5 A, z,, = 1 e, N, = 120, T = 298.15 K, ¢ = 78.54, and 107 configurations. ® The SD columns contain the
standard deviations of the total monomer and the end monomer probability distributions. Note that a fully stretched chain would have a
radius of gyration of 391.2 (A) and a standard deviation of 174.6 (&) for the parameters used here.
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T T i T

A,=10A
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Ao=D5A

el NS
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r (A)
Figure 2. Monomer density and end probability density, 4=rZp-
(r) (—) and 41rr2me(r) (- - ), for systems where N, = 100 and
v=0. The remaining parameters are as in Table I. Each curve
has been normalized such that its largest value is unity.

A crude estimate for the onset of the random-polymer
region can be obtained as follows: If the ionomer becomes
random at radius r, then the coil dimension will be [ (Rmax
-r)/a)t/?, where R is the radius of the colloid when the
ionomers are fully stretched. The mean distance between
rodlike ionomers is r(47/Na)/2, and this must be suffi-
ciently large such that the random-polymer ends of the
ionomers are separated by one or more Debye screening
lengths. Ifnot,interchain electrostatic or steric repulsion
will lead to turther swelling. Hence, random-polymer
behavior should be observed when

al(R e - 1/alV2 + ap = rdn/NYY?  (4.1)
where a ~ 0(1).22 This equation is easily solved for r, and
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A,= 10004
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r (1&)
Figure 3. As in Figure 2, but now N, = 1000 and v = (4/3)=a®.

the result qualitatively explains the trends shown in
Figures 2 and 3.

Thus, for poorly screened ionomers, the region near the
colloid core should be highly ordered while that near the
ionomer outer surface should still be liquidlike. As the
screening isincreased by adding additional salt, the ordered
region gradually melts and condenses around the core.
Note that the curvature of the core plays an essential role
in these transitions, since moving to longer radii allows
the ionomer density to decrease; different behavior should
be observed near flat surfaces with a fixed surface density
of ionomers.

The change in the degree of local order will be accom-
panied by large changes in the colloid form factors as
measured in scattering experiments. If the scattering
amplitudes of all the monomers are assumed to be equal
and that scattering from the colloid core can be ignored
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Figure 4. Variation of the total monomer densities near the
colloid core with increasing screening length. Each panel shows
results for \p = 1, 5, and 10 A (with increasing degrees of order).
The other parameters are given in Table I.

BW(r)
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Figure 5. Mean potentials for the cases presented in Figures 2

(solid) and 3 (dashed). Note that both the electrostatic and
excluded-volume contributions are included (dashed).

8

7.

; Ao=1004
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-

A |
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<rf>"* (A)
Figure 6. Standard deviation of the monomer radii (in units of
the bond length) as a function of the average monomer positions.
Thesolid and dashed curves have N, = 100 and 1000, respectively,
while A\p = 10 and 100 A had » = (4/5)=a and 0, respectively.

(or corrected for), it then follows that the form factor will
be proportional to the Fourier transform of the total
monomer density; i.e.,

4w (= .
S(g) = ITfRod’ r sin(gr) p(M)? 4.2)

where q is the scattering wavevector in the experiment.
The integral on the right-hand side of eq 4.2 has been
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Figure 7. Form factors for the cases shown in Figure 2.

Form Factor (Arbitrary Units)

computed numerically, and the results are shownin Figure
7.

As expected, as the chains become more rodlike, peaks
build up where the Bragg condition, ga = 2n, is satisfied.
(For real ionomers, the Bragg condition will have to be
modified in order to account for the molecular structure
of the monomers.) Inaddition to these features there are
smaller oscillations arising from the Fourier transform of
a nonuniform shell, where the periods of the oscillations
are in the range /Ry and w/(Ro + A), where A is a measure
of the thickness of the ionomeric layer.

V. Discussion

In this work, a simple method for treating the equilib-
rium properties of strongly interacting ionomeric chains
attached to a colloidal core has been presented. Since
much of the calculation was based on a mean-field
approximation for many of the interactions and only
numerically treats the properties of a single ideal chain,
the numerical effort in obtaining results was trivial and
can easily be applied to much longer chains,

The present calculation has been simplified in several
respects. First,the interaction with counterions has been
treated within the linearized Debye—Htickel approxima-
tion. It is not obvious whether this is valid inside the
ionomeric region, where electrostatic potential and coun-
terion concentration can be large, and in the light of the
detailed calculations of Valleau on polyelectrolytes.®
Nonetheless, given the rapid convergence of the mean
electrostatic potentials, it is entirely feasible to go beyond
this approximation, and results along these lines will be
presented in the near future.

A second simplification has been to omit the intrachain-
single-chain electrostatic and excluded-volume interac-
tions. As was argued in section II, this is a reasonable
approximation when the local ionomer density is large
but will break down for a sufficiently low local density.
While there is no reason why these interactions cannot be
explicitly included in principle, the numerical effort
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required will be considerable.® Needless to say, it is
probable that the intrachain—single-chain interactions will
only lead to further swelling (and, ultimately, more rodlike
character) of the chain.

Finally, the colloid core has been assumed to be
completely rigid, and, hence, the ionomers are permanently
anchored, irrespective of the electrostatic repulsions
between chains. This is reasonable for temperatures below
the glass transition temperature, although it will break
down as the temperature is raised. Indeed, in extreme
situations, it is conceivable that the block-copolymer
aggregate could break apart as the screening is reduced.

The main conclusion of this work is that there is not a
single morphology which describes the ionomeric layer
around a colloidal aggregate. As has been shown, the
ionomeric region can roughly be divided into three
subregions: a rigid rodlike region near the colloid core,
followed by a flexible-rod region, and finally, a continuum
random-polymer region. The extent of these regions is
controlled by the screening length, by the charge per
ionomer, and by the aggregation number. (Thelatter helps
determine the local charge density, which in turn, affects
the electrostatic repulsion.) In addition, while the overall
swelling of the ionomers will be found in continuum
theories, many of the features found here will be absent,
in particular, those having to do with rigid-rod behavior
or with excluded-volume frustration.
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Appendix: Ideal Chains in External Fields

In this appendix, the potential is assumed to be known
and an exact hierarchy of integral equations giving the
conditional probabilities of finding any monomer in the
chain at any given position, given that the preceding one
is at some specified point, is presented and discussed in
the continuum limit. Let p(FsFn-1,...,F1) be the joint
probability density for having monomer 1 at #;, monomer
2 at Fo, etc. From eq 2.2 it follows that

Np
H{X(i' —F_ e W
=1

PaFeaty) = [P,y diy (A1)
" Zc(l)

where the parts of W describing the connectivity of the
chain (cf. eqs 2.4 and 2.5) have been explicitly written out.
Itiswell-known that ideal chains are Markov. Conditional
probability densities are introduced as

Pp(Frpeenily)

Q, (P dr_peenry) =
nl' n=1202" 1 - -
Pr (P ppeeesF)

. = -8W(*n -
- x(rn_rn-l)e awe )xn(rn)

(A.2)

X1 (?n-l)

where

N
x,(F) = fdi'nﬂ...dr"Nm‘H {x(;-l,_;-i_l)e—ﬁwm} (A.3)

i=n+l
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Roughly speaking, x,(7) is a measure of the number of
configurations the remaining monomers of the chain can
adopt given that monomer n is at 7. Hence, in a system
with a surface, x,(7) should be smaller near the surface,
even in the absence of any other interactions. 101!

The conditional probabilities only depend on the
preceding monomer position; hence, the chain is Markov.
However, note that the chain does not correspond to a
simple random walk in an external field (i.e., the x’s on
the right-hand side of eq A.2 are not constant),

From the definition of x,, it follows that

%o ) = [P x Py ~ POy L) (Ad)
for n < Ny, with
xy (A =1 (A.5)

Once this hierarchy of integral equations is solved, the
conditional probabilities are easily constructed using eq
A.2, and from these any average property of the chain can
be computed using the standard properties of Markov
processes. For example, if p,(F) is the probability density
that the nth monomer is at 7, it follows that

P = [d¥ QG ) p,y ()

P,,_l(i" )

= | d¥ x(¥ ) eV, (7
f X e x (r)xn_l(?)

(A.6)

where Q,(F7 ) is given by eq A.2,

In order to see how x,(r) modifies the monomer
probabilites and densities, consider the continuum limits
of eqs A.3 and A.6 (i.e., a — 0 keeping na2 constant) for
aneutral chain, with no excluded volume, near a spherical
core. Thewell-known Kramers-Moyal expansion?3is used
and gives

ox,,(F) . 2 "
- =1 - 10 () + 96—v2[e-ﬁw<"xn(f)] (A7)
and
aq,.(F) ) a%e i
= [e?¥D - 11¢,(» + ———6—-—V2q"(7‘) (A.8)

where q,(*) = pa(#)/x,(¥). The initial condition in n for
xn(F) is given by eq A.5, while, for chains that are uniformly
distributed on the core,

o(r-R,)

S EEre— A9
4R ’x(Ry) A9

qo(¥) =

The boundary conditions at the core are more subtle.
From egs A.4 and 2.5 it follows that

Rot,(Ro) = o= o *dE 65,000 7O (A10)

where spherical symmetry has been assumed and where
only the slowly varying parts of W should be included in
the integrand. Since the integrand is expected to vary
smoothly, x,+1(£) can be expanded in a Taylor series around
¢ = Ro. Similarly, x,(Ro) e?W® can be expanded around
n =n+ 1, and the n derivatives evaluated by using eq A.7.
If terms containing two or more derivatives in r are
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dropped, this gives

3 e-ﬁ Wwi(r)

L—Tx"—(r—) = e Y% (r) (A.11)

at r = Ry, where
a(3Ro - 20) a

L ~2
3(2R0 - a) 2

for Ry > a (A.12)

The boundary condition for the auxiliary function g,(r)
now follows from the requirement that

d (4 s
i fap,=0 (A.13)
It is easy to show that eq A.13 will hold if g,(r) obeys the
same boundary conditions as e#%")x,(r); i.e.,

9g,(r) _
ar

Equations A.7 and A.8 and their boundary conditions
(cf. eqs A.11 and A.14) are very similar; indeed, once the
Green’s function for either of them is known, the problem
isin effectsolved. Inorder toshow this, aretarded Green’s
function, G,(# ), is defined by

L q,(r) (A.14)

3G (H¥ )
aze—ﬂW(f) 9
5 V4G, (AP ) + 8(F-7 ) 8(n) (A.15)

where G,(F ) satisfies the boundary condition given in
eq A.14. It is easy to express both x, and g, as integrals
of G; in particular,

. = [d¥ G,F) g¥) (A.16)

and

2,0 = [dF Gy_, () PFO-WOL (A7)
For problems with spherical symmetry, G can be repre-
sented by a sum of products of spherical harmonics, and,
for the initial conditions given by eqs A.5 and A.9, only
the [ = 0 term will contribute to eqs A.16 and A.17. If the
radial factor for the ! = 0 term is denoted as g,(r’ ) and
is used in eqs A.16 and A.17, it follows that

gn("lRo)fd"' r 2gNm—n(r|’J ) e-ﬂ[W(f)—W(r)]
41rfdr’ v 2gNn(R0|’J ) e—B[W(r')-W(Ro)]

Pn(r) = (A.18)

With the exception of the explicit e-¥ factors, this last
result is identical with the expressions found in refs 10
and 11. The additional factors arise from those in the
diffusion termsin eqs A.7 and A.9. These equations differ
from those in refs 10 and 11 in two other ways: First, the
potential has not been assumed to be small, and, hence,
the factors of e-*W® — 1 have not been approximated as
-BW(# in the first terms on the right-hand sides of egs
A.7 and A.8. The second difference is in the boundary
condition. The a — 0 limit has not been strictly enforced
in deriving the boundary condition; if it was, then, as is
discussed in ref 11b, there is some ambiguity in taking the
r — Ry limit in eq A.18.

Finally, note that Eqs A.7-A.14 can be solved analytically
using Laplace transforms when W(r) = 0. The result is
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R [ ((R0+L)(r—R0)
€ex +

=1+
WO = D LR,
(R, + LY%a*(N,, - n)) ((Ro + DaNp =) |
) ¢
6R,2L* 6'/°LR,
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—2a(Nm EpT? - erfc —2a(Nm e~ ] (A.19)

and

" = x,(r) [ 6\1/2 (_ 3(r- RO)Z)
Palry = 4xrRyaxy(Ry) (1"") exp 2na’

(Ry+ L)a (Ry+ L)(r-Ry) (R, + L)’na’
exp + r—
LR, LR, 6L°R,
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ot Man? | =Ry (A.20)
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where erfc(x) is the complimentary error function.

In general, x,(r) is not constant and, hence, modifies
the monomer probabilities from what would be obtained
by modeling the chain as a simple random walk near a
specularly reflecting boundary. For the sake of compar-
ison, the monomer probability densities in this problem
are

1 6 \1/2 ( 3(r-—R0)2)
Prsendon (") -47"'Ro (wnaz) exp 2na’ B

(r—-Ry) = na? (an”z ("Ro)61/2

-1 o v g

R, exp(, R, + 6R; erfc 6k, + a2
(A.21)
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